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Fracture simulationThe virtual internal bond (VIB) is a micro–macro constitutive model. Although this model is based on a
postulated discrete microstructure, it ultimately returns to a continuum constitutive relation through a
homogenization process. The homogenization process can reduce the internal degrees of freedom, but
it omits the effect of the individual micro bond that may play an important role in the fracture process.
The present research develops a discrete system to represent the nonlinear elasticity by discretizing the
continuous VIB. This discrete system is composed of unit cells, which can adopt any geometry with any
number of bonds. The system is characterized by the force–displacement, not the stress–strain constitu-
tive relationship. The nonlinear properties of this discrete system are governed by the micro-bond poten-
tial. The micro bond properties are related to Young’s modulus of the material, the volume and the bond
number of the unit cell. For a given material, the unit cell has a certain topological structure and conﬁg-
uration. A discussion of two speciﬁc cases (the 2D triangular and 3D tetrahedral unit cells) suggests that
the discrete system converges with decreasing unit cell size. In the unstructured unit cell scheme, the dis-
crete system can almost precisely represent the initial Young’s modulus and the Poisson ratio of a non-
linear continuum. A mixed fracture example demonstrates that the present method can efﬁciently
simulate the fracture propagation. The present paper provides a theory for developing a lattice-type
mechanical model for nonlinear elasticity and provides new method for the fracture simulation of a non-
linear elastic material.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
The virtual internal bond (VIB) (Gao and Klein, 1998; Klein and
Gao, 1998) is a two-scale constitutive theory for nonlinear elastic-
ity in which the micro-fracture criterion is directly built into the
macro-constitutive relation through the micro-bond potential. Un-
like conventional continuum mechanics, the VIB theory postulates
that on the microscale, a solid consists of randomly distributed
material particles. These material particles interact via virtual
internal bonds. Within the framework of the hyperelasticity the-
ory, the macro-constitutive relation is directly derived from the
micro-bond potential. The micro-bond potential governs the
macro-mechanical properties of the material. Because the stress–
strain relationship of the VIB contains the micro-fracture mecha-
nism, the VIB presents many advantages for simulating fracture
propagation. Recently, this method has been extensively applied
to typical engineering, geo-, nano- and biomaterials (Gao and Ji,
2003; Ji and Gao, 2004; Thiagarajan and Misra, 2004; Thiagarajan,
2007; Aymerich et al., 2008; Zhang and Gao, 2012). Chang et al.
(2002a,b) and Misra and Yang (2010) have developed similar types
of micromechanical models in which the macro-constitutive rela-tion of the cohesive material is based on the underlying granular
structure. The derivation of such micromechanical models is based
on the best-ﬁt hypothesis (Liao et al., 1997), while the VIB deriva-
tion is based on the hyperelasticity theory.
Although the VIB and the micromechanical models (Chang
et al., 2002a,b; Liao et al., 1997; Misra and Yang, 2010) stem from
the discrete microstructure, they ultimately return to the contin-
uum constitutive model through the ﬁnal stress–strain relation-
ship. The average mechanical properties of the material particle
assembly are obtained via statistical averaging. This statistical
averaging technique plays an important role in reducing the inter-
nal degrees of freedom, rendering the consideration of the individ-
ual micro bond unnecessary. However, the statistical averaging
technique may diminish the individual behaviors of a single bond
that could prove important in the fracture process.
Unlike the continuummethod, the discrete model considers the
individual behaviors of each micro ‘bond.’ The fracture process is
simulated by the successive breaking of the linkage between the
material particles. Hence, the discrete model avoids the fracture
criterion problem when simulating fracture propagation. Given
its advantage in fracture analysis, many discrete models have been
developed (Grifﬁths and Mustoe, 2001; Zhao et al., 2011; Zhao and
Zhao, 2012) in which the linkage between material particles is
represented by either a spring or a beam, and a separate failure cri-
terion is imposed on the linkage. The topological structures of
Z. Zhang / International Journal of Solids and Structures 50 (2013) 3618–3625 3619these discrete models are subsequently determined. In the present
paper, a general discrete system is developed to model nonlinear
elasticity by discretizing the continuous VIB. Unlike the conven-
tional spring or beam models, the representative element of this
discrete system can adopt an arbitrary geometrical structure. The
interaction between the material particles in the present discrete
system is characterized by a micro-bond potential, not a spring
or beam. The parameters of the bond potential are related to the
macro-material properties.
2. Brief introduction to the virtual internal bond method
The postulated microstructure of the VIB is shown in Fig. 1a;
each micro bond is described by a two-body potential
U ¼ UðDÞ ð1Þ
in which D is the deformation of a micro bond.
According to the Cauchy–Born rule (Milstein,1980; Tadmor
et al., 1996), in cases of small deformation, the bond deformation
of the VIB is calculated as follows:
D ¼ nTen‘0 ð2Þ
in which e is the strain tensor and n is the unit orientation vector of
the micro bond with n = [sinh cosu, sinh sinu, cosh]T in spherical
coordinates (Fig. 1b); ‘0 is the unstretched bond length.
Because the micro bonds are randomly distributed in a repre-
sentative volume element, a continuous density function D(h, u)
is employed to quantify the bond distribution. Then, the average
strain energy density of the representative volume element can
be written as follows:
W ¼ 1
V
hUðDÞi ð3Þ
in which the operator h  i denotes h  i ¼ R 2p0 R p0 ð  ÞDðh;/Þ sin hdhd/
for 3D cases and h  i ¼ R 2p0 ð  ÞDðhÞdh for 2D cases. In the spherical
coordinates, D(h, u)sinhdhdu indicates the bond number distrib-
uted over the small volume sinhdhdu (Gao and Klein, 1998). The
term V is the volume of the representative volume element.
Based on the hyperelasticity theory, by Eqs. (1)–(3), the stress
tensor of the representative volume element is derived as follows:
rij ¼ @W
@eij
¼ 1
V
U0ðDÞ  @D
@eij
 
¼ 1
V
hU0ðDÞ  ‘0ninji ð4Þ
and the tangent modulus tensor K is derived as follows:
Kijkl ¼ @
2W
@eij@ekl
¼ 1
V
U00ðDÞ  @D
@ekl
 @D
@eij
þU0ðDÞ  @
2D
@eij@ekl
* +
¼ 1
V
hU00ðDÞ  ‘20ninjnknli ð5ÞMaterial
particle
Virtual
bond
(a)  
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Fig. 1. Microstructure of the VIB material with (a) a representative volume element
and (b) a micro bond in a spherical coordinate.To determine the micro-bond parameters, the tangent modulus
tensor (Eq. (5)) is analyzed in the undeformed state, i.e., e = 0. For an
isotropic material, the bond distribution density is constant, and
the magnitude of its absolute value is meaningless. Hence, we as-
sume bond distribution densities D(h, u) = 1.0 and D(h) = 1.0 for
the 3D and 2D cases, respectively. Substituting Eqs. (1) and (2) into
Eq. (5) and setting the hybrid bond parameter A0 as follows:
A0 ¼ ‘20 U00ð0Þ ð6Þ
yields tangent moduli of the VIB (Eq. (5)) of
Kijkl ¼ 1V
Z 2p
0
Z p
0
A0  ninjnknl  sin h  dhdu for the 3D case ð7aÞ
and
Kijkl ¼ 1V
Z 2p
0
A0  ninjnknl  dh for the 2D case ð7bÞ
According to Gao and Klein (1998), in the 3D case when
A0 ¼ V  3E2p ; ð8Þ
the VIB can precisely represent a linear elastic material with a
Poisson ratio of m = 0.25. The term E is the Young’s modulus.
According to Zhang and Gao (2012), in a 2D case, when
A0 ¼ V  3E2p or ð9aÞ
A0 ¼ V  8E5p ; ð9bÞ
the VIB can precisely represent a linear elastic material with Poisson
ratios of m = 1/3 and m = 0.25 for the in-plane stress and the in-plane
strain cases, respectively.
The constitutive relation of the VIB (Eqs. (4) and (5)) is an inte-
gral one and actually represents a homogenization process. The
homogenization process diminishes the individual behaviors of
each micro bond. In the following discretized VIB, we ignore the
homogenization process, but directly model the material using a
discrete concept.
3. Discretized virtual internal bond method
3.1. Microstructure of a discretized VIB
In a representative element of a VIBmaterial, themicro bonds are
randomlydistributed,andacontinuousdensity function isadoptedto
quantify the bond distribution. Thus, the bonds are continuously dis-
tributed, and thebondnumber is inﬁnite.However, in thepresentdis-
cretized VIB, the bonds are discretely distributed, and the bond
number of a representative element is ﬁnite. The representative ele-
ment in the discretizedVIB is termed the unit cell as depicted in Fig. 2.
3.2. Force–displacement constitutive relation of a unit cell
Because the unit cell is a discrete system, it should be directly
characterized by the force–displacement constitutive relationship.
For convenience, the material particle is deﬁned as the node. If ~u
denotes the node displacement vector of a unit cell, and UIJ de-
notes the energy potential of the node pair IJ, then, the force vector
~F of a unit cell is derived as follows:
~Fi ¼ @
@~ui
X
I–J
UIJðDÞ
 !
¼
X
I–J
@UIJðDÞ
@~ui
¼
X
I–J
U0IJðDÞ 
@D
@~ui
 
¼
XX
b¼1
Fbi ð10Þ
Fig. 2. A unit cell of the discretized VIB.
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~Kij ¼ @
2
@~ui@~uj
X
I–J
UIJðDÞ
 !
¼
X
I–J
@2UIJðDÞ
@~ui@~uj
¼
X
I–J
U00IJðDÞ 
@D
@~ui
 @D
@~uj
þU0IJðDÞ 
@2D
@~ui@~uj
" #
¼
XX
b¼1
Kbij ð11Þ
in which Fbi and K
b
ij are the bth bond contribution to the force vector
and the stiffness matrix of the unit cell, respectively; X denotes the
total bond number in a unit cell, X ¼ x!=½ðx 2Þ!2! ¼ xðx 1Þ=2,
with x representing the total node number of a unit cell.
The bond deformation D in Eqs. (10) and (11) is directly com-
puted by the relative displacement of the node pair. As shown in
Fig. 3, XI and XJ denote the position vectors of the nodes I and J,
respectively, in the reference conﬁguration; uI and uJ represent
their displacement vectors; YI and YJ represent their position vec-
tors in the current conﬁguration. Therefore, the bond vector X in
the reference conﬁguration and the bond vector Y in the current
conﬁguration are
X ¼ XJ  XI
Y ¼ YJ  YI ¼ Xþ uJ  uI
ð12Þ
Thus, the bond deformation is computed as follows:
D ¼ ‘ ‘0 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Y  Y
p

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
X  X
p
ð13Þ
in which ‘ is the bond length in the current conﬁguration.
For a given micro bond, the local node index is reduced to I? 1,
J? 2, and its node displacement vector can be written as
u ¼ ½u1; u2; u3; u4; u5; u6T for the 3D case and u ¼ ½u1; u2; u3; u4T
for the 2D case. The ﬁrst and the second derivatives of the bond
deformation D with respect to the node displacement vector are1x
2x
3x
IX
JX
IY
JY
Iu
Ju
X
Y
Fig. 3. Displacement and deformation of a micro bond in the discretized VIB.@D
@ui
¼ 1
‘
 ti
@2D
@ui@uj
¼ 1
‘
pij 
1
‘3
titj;
ð14Þ
respectively in which the matrix p and the vector t are
pij ¼ ðd4i  d1iÞðd4j  d1jÞ þ ðd5i  d2iÞðd5j  d2jÞ þ ðd6i  d3iÞðd6j  d3jÞ
ti ¼ Y1ðd4i  d1iÞ þ Y2ðd5i  d2iÞ þ Y3ðd6i  d3iÞ for the 3D case
ð15aÞ
and
pij ¼ ðd3i  d1iÞðd3j  d1jÞ þ ðd4i  d2iÞðd4j  d2jÞ
ti ¼ Y1ðd3i  d1iÞ þ Y2ðd4i  d2iÞ for the 2D case
ð15bÞ
with dij as the Kronecker delta.
The global node force vector F and the stiffness matrix K for the
entire discrete system can be obtained by compiling the force vec-
tors of the unit cells and their stiffness matrixes together, i.e.,
F ¼
X
~F
K ¼
X
~K
ð16Þ
After deriving the force–displacement constitutive relation of a
unit cell, the parameters of the bond potential UIJ must be derived
so that the discrete system can mechanically represent a
continuum.
3.3. Determination of the micro-bond parameters in a discretized VIB
The unit cell can adopt any geometrical conﬁguration and can
have any number of bonds. Thus, to determine the bond parame-
ters, we use an ideal unit cell in which the bonds are uniformly dis-
tributed in space with an adequate bond number as shown in
Fig. 4a. This ideal unit cell is treated as a quasi-continuum element
that is subjected to a uniform strain e. According to Eq. (2), the
bond deformation can be calculated as D = ‘0eijninj. The strain en-
ergy density of this ideal unit cell can be expressed as follows:
W ¼ 1
V
XX
UIJðDÞ ð17Þ
in which V and X are the volume and the total bond number of an
ideal unit cell, respectively.
Using Eq. (17), the average tangent modulus of a unit cell in the
undeformed state can be calculated as follows:
Kdisijkl ¼
@2W
@eij@ekl

e¼0
¼ 1
V
XX
As0  ninjnknl ¼
1
V
XX
Kbijklðh;uÞ ð18Þ
in which Kbijklðh;uÞ represents the modulus contribution of the bond
with the orientation n = n(h, u) and As0 representing the hybrid bond
parameter of the discretized VIB,
As0 ¼ ‘20 U00IJð0Þ ð19Þ
Because the bonds are uniformly distributed in an ideal unit
cell, the average bond distribution density is constant and denoted
as Ds. The relationship between Ds and the total bond number X
can be expressed as follows:Z 2p
0
Z p
0
Ds  sin h  dhdu ¼ X ) Ds ¼ X4p ð20Þ
The bond distribution sphere is equally discretized intoM and N
intervals in the u and h dimensions, respectively, leading to
Du = 2p/M and Dh = p/N as shown in Fig. 4b. The total bond num-
ber in the small volume sinhq  DuDh, which corresponds to the
direction n = n(hq, up) (Fig. 4b) is
Fig. 4. Bond distribution in an ideal unit cell and its discretization: (a) bond
orientation distribution in sphere; (b) the bond sphere is equally discretized into M
intervals with the dimension u and N intervals with the dimension h.
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The total modulus contribution of this small volume can be ex-
pressed as Kbijklðhq;upÞ mq. Therefore, Eq. (18) can be expressed as
follows:
Kdisijkl ¼
1
V

XX
Kbijklðh;uÞ ¼
1
V

XN
q¼1
XM
p¼1
Kbijklðhq;upÞ mq
¼ 1
V

XN
q¼1
XM
p¼1
Kbijklðhq;upÞ 
X
4p
sin hq  2pM 
p
N
ð22Þ
If the bond number of an ideal unit cell is large enough, the val-
ues of M and N could be large enough. If M?1 and N?1, Eq.
(22) becomes
Kdisijkl ¼
1
V
Z 2p
0
Z p
0
Kbijklðh;uÞ 
X
4p
sin h  dhdu
¼ 1
V
Z 2p
0
Z p
0
X
4p
As0  ninjnknl  sin h  dhdu ð23Þ
Comparing Eq. (23) with Eq. (7a), one ﬁnds that the only differ-
ence lies in the coefﬁcient, which is X4pA
s
0 in Eq. (23) and A0 in Eq.
(7a). Eq. (7a) is known to precisely represent the continuum with
a Poisson ratio of 0.25. If the ideal unit cell can precisely represent
the corresponding continuum, the following relationship should
hold:As0X
4p
¼ A0 ð24Þ
According to Eqs. (8), (19), and (24), the bond parameter of the
3D discretized VIB is determined as follows:
U00IJð0Þ ¼
6EV
X‘20
ð25Þ
For the 2D case, Eq. (18) reduces to
Kdisijkl ¼
1
V
XX
As0  ninjnknl ¼
1
V
XX
i¼1
KbijklðhiÞ ð26Þ
If the bond number X is sufﬁciently large, Eq. (26) can be writ-
ten directly as follows:
Kdisijkl ¼
1
V
XX
i¼1
KbijklðhiÞ 
2p
X
 X
2p
¼ 1
V
Z 2p
0
X
2p
 As0  ninjnknl  dh ð27Þ
Comparing Eq. (27) with Eq. (7b), the relationship between As0
and A0 can be written as follows:
X
2p
 As0 ¼ A0 ð28Þ
According to Eqs. (9), (19) and (28), the bond parameter for the
2D discretized VIB is determined as follows:
U00IJð0Þ ¼
3EV
X‘20
for in plane stress
16EV
5X‘20
for in plane strain
8<
: ð29Þ
The parameters are determined using the uniform distribution of the
bonds. Thus, one must distinguish the uniform distribution mode
from the false uniform distribution mode in which the bonds are
independently uniformly distributed in the h and u dimensions. In
the false uniform distribution mode, the total bond number at a
given h coordinate value is independent of the h coordinate, while
in the uniform distributionmode, it is dependent of the h coordinate.
Therefore, in the false uniform distribution case, Eq. (18) can be di-
rectly written as Kdisijkl ¼ 1V
PM
m¼1
PN
n¼1A
s
0  ninjnknl  pN  2pM
h i
 Np  M2p with
X =MN. If the bond number X is large enough,
Kdisijkl ¼ Np  M2p  1V
R 2p
0
R p
0 A0  ninjnknl  dhdu, which represents a non-
isotropic material modulus according to Eq. (7a). The bonds concen-
trate at the two poles (h = 0, h = 180). However, in the 2D case, the
so-called false uniform distribution is identical to a real uniform
distribution.
Having comprehensively considered each bond contribution, no
dependence of the micro-bond hybrid parameter on the bond
number was noted in the VIB (Eqs. (8) and (9)), whereas the hybrid
parameter of the discretized VIB (Eqs. (25) and (29)) was found to
depend on the bond number because the integral constitutive rela-
tion of the VIB is a homogenization process. However, in the dis-
cretized VIB, no homogenization process is adopted, and the
bonds are considered individually. Therefore, the hybrid bond
parameter of the discretized VIB accounts for the bond number.
In the discretized VIB, the bond parameter is based on the ideal
unit cell. However, in the discretized VIB, a typical unit cell is
adopted, e.g., a 3-node triangular unit cell, a quadrilateral unit cell,
a tetrahedral unit cell, etc. In these typical unit cells, both the bond
distribution and the bond number are far from those of an ideal
unit cell. For example, the bond number in a tetrahedral unit cell
is only X = 6, which is far from ‘large enough,’ and the bond distri-
bution is far from ‘uniform.’ Hence, one must conﬁrm the precision
with which the discretized VIB with the typical unit cells can rep-
resent the corresponding equivalent continuum, regardless of the
nonlinear properties that are governed by the micro-bond
potential.
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The microstructure of a given material is determined both in
topology and conﬁguration. In the present paper, we discuss two
speciﬁc cases of a discretized VIB, the 2D case with a triangular
unit cell and the 3D case with a tetrahedral unit cell, shown in
Fig. 5a and b, respectively. This discussion intends to determine
whether the discrete system (Eqs. (10) and (11)) can represent
the initial Young’s modulus and the Poisson ratio of the equivalent
continuum. We adopted the two-parameter cohesive force law of
VIB (Gao and Klein, 1998) as the pairwise potential for the discret-
ized VIB, whose ﬁrst derivative with respect to the bond deforma-
tion is given as follows:
U0IJðDÞ ¼ A  D  exp 
D
B
 
ð30Þ
in which A and B are the micro parameters. According to Eq. (25),
the bond parameter A is calibrated as A ¼ 6EV=ðX‘20Þ for the 3D
case; A ¼ 3EV=ðX‘20Þ for the 2D in-plane stress case and
A ¼ 16EV=ð5X‘20Þ for the 2D in-plane strain case according to Eq.
(29). The term B is a scale parameter; B = et‘0 with et representing
the strain value at the peak stress of the uniaxial stress–strain
curve. Substituting Eq. (30) into Eqs. (10) and (11), we can obtain
the discretized VIB constitutive relation. Next, the uniaxial stress–
strain curve simulated by Eqs. (10) and (11) is provided in Fig. 6.
From Fig. 6a, one can observe that the micro parameter A governs
the initial modulus. The uniaxial strength of the material increases
nearly proportionally with A. Figure 6b indicates that B governs the
uniaxial strain at the peak stress. The uniaxial strength of the mate-
rial increases almost proportionally with B.
The simulation specimen for conﬁrming the accuracy of the dis-
cretized VIB in representing a continuum is a rectangular plate withFig. 5. Two speciﬁc cases of discretized VIBs: (a) a 2D case with a triangular unit
cell; (b) a 3D case with a tetrahedral unit cell.dimensions of 1  1 m for the 2D case and a cubic bodywith dimen-
sions of 1  1  1 m for the 3D case. To obtain the initial Young’s
modulus and Poisson ratio, a small uniaxial tensile stress is im-
posed on the specimen. Because the discrete systems represented
by Eqs. (10) and (11) are nonlinear, to guarantee the ‘initial state’
of this nonlinear material, we set B = 1.0 m and controlled the dis-
placement loading step within 1.0  106 m. The Young’s modulus
of thematerial is prescribed as E = 10.0 GPa, and the theoretical val-
ues of the Poisson ratio are m = 0.25 for the 3D case and m = 1/3 for
the 2D case. The terms E⁄ and m⁄ denote the Young’s modulus and
Poisson ratio, respectively, as represented by the discrete system.
4.1. 2D case
The specimen was discretized with an unstructured triangular
unit cell as shown Fig. 7a. To examine the effect of the unit cell size,
we increased the unit cell number in different simulation cases.
The unit cell numbers and the corresponding simulation results
are listed in Table 1. From Table 1 one can note that both E⁄ and
m⁄ approach their theoretical values, i.e., E = 10.0 GPa and m = 1/3,
with increasing unit cell number. The quantity S ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1=NUCp ; with
NUC denoting the total number of unit cells, can be used to mea-
sure the unit cell size in the 2D case. Fig. 8 indicates that the errors
in E⁄ and m⁄ approach zero as the unit cell size decreases. The sim-
ulation results suggest that the discretized VIB with a 2D triangular
unit cell can precisely represent the initial Young’s modulus and
Poisson ratio of the nonlinear material if the unit cell is small
enough.
4.2. 3D case
The same conﬁrmation process can be utilized in the 2D and 3D
cases. First, the specimen containing unstructured tetrahedral unit
cells is discretized as shown in Fig. 7b. The number of unit cells and
the corresponding results are listed in Table 2, in which mx and my
denote the Poisson ratio calculated from the x  z and y  z defor-
mation ratios, respectively. Table 2 indicates that both E⁄ and m⁄ are
convergent as the unit cell number increases, though they fail to
converge to their theoretical values because the speciﬁc unit cell
deviates from the ideal. In an ideal unit cell, the bonds are uni-
formly distributed, while in a speciﬁc unit cell, e.g., the tetrahedral
cell, the bonds are not ‘uniformly’ distributed. In the 3D case, if the
quantity S ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1=NUC3p is used as the unit cell measurement, the ﬁ-
nal relative errors of m⁄ and E⁄ are approximately 5.0% (Fig. 9a)
and 3.0% (Fig. 9b), respectively, with decreasing unit cell size,
which represents an acceptable relative error.5. Applications of the discretized virtual internal bond method
The present method can be used to simulate the fracture
process of a material. Compared with the VIB, the discretized VIBFig. 6. Effect of the micro parameters on the macro stress–strain relationship:
effects of (a) A and (b) B.
,E ν E∗ ∗
(a) 
E∗ ∗
,E ν
(b) 
,ν
,ν
Fig. 7. The continuum specimen is discretized into unstructured unit cells: (a) the
2D case and (b) the 3D case.
Table 1
Simulation data for the 2D case with an unstructured unit cell (NUC stands for the
total number of unit cells).
Case 1 Case 2 Case 3 Case 4 Case 5 Case 6 Case 7
NUC 26 416 5686 11184 22910 91640 143872
E⁄ (GPa) 11.341 11.449 10.005 9.9816 9.9919 9.9938 9.997
m⁄ 0.3504 0.3228 0.3354 0.3343 0.3338 0.3336 0.3335
Fig. 8. Conﬁrmation of the results using the unstructured unit cell scheme in a 2D
case: (a) the relative error of m⁄ vs. the unit cell size S; (b) the relative error of E⁄ vs.
the unit cell size S.
Fig. 9. conﬁrmation of the results using an unstructured unit cell scheme in the 3D
case: (a) the relative error of m⁄ vs. the unit cell size S; (b) the relative error of E⁄ vs.
the unit cell size S.
P
B
Dα
4D 3 2Dβ 2D 2D 4D
D
2
D
(a)
(b)
Fig. 10. (a) Simulation set-up for a mixed-mode fracture propagation and (b) a
meshing scheme in which a triangular element is used and the mesh is reﬁned at
the center of the beam. (a = 1, b = 0.89, D = 0.3 m). (The dimensions of the specimen
are from the literature (Galvez et al., 1998).)
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rule, but takes a more straightforward approach, the force–dis-
placement relationship, to model a material, allowing for a more
suitable description of a material near a fracture tip where theTable 2
Simulation data for the 3D case with an unstructured unit cell (NUC stands for the total n
Case 1 Case 2 Case 3 Case 4
NUC 256 2046 12288 24373
E⁄ (GPa) 9.4465 9.2695 9.7088 9.9095
mx 0.2182 0.2324 0.2316 0.2461
my 0.2081 0.2137 0.2310 0.2442large deformation takes place. The discretized VIB should provide
an important perspective on dynamic fracture simulation. In the
discrete system, the mass of the represented continuum is over ta-
ken by the scattered particle masses. Each particle is connected by
several bonds. Hence, the dynamic equation of each particle can
easily be written using the particle mass and the bond forces.
When the dynamic fracture criterion is invoked by the micro-bond
potential, the macro-dynamic fracture criterion can be neglected.
In depicting a fracture, the discretized VIB is more straightfor-
ward than the VIB. The VIB presents the fracture propagation using
the elemental stiffness deterioration, which results from the
underlying bond rupture, while the discretized VIB directly utilizes
the micro-bond rupture, bypassing the element at the upper level.
Hence, the discretized VIB can consider the effect of an individual
micro bond.umber of unit cells).
Case 5 Case 6 Case 7 Case 8 Case 9
52565 115262 231846 433047 566795
9.1578 9.7153 9.7469 9.6963 9.7221
0.2497 0.2360 0.2352 0.2355 0.2335
0.2449 0.2344 0.2349 0.2361 0.2351
Fig. 11. Simulated fracture propagation process at the loading point displacement: (a) 0.0389 mm; (b) 0.0467 mm; (c) 0.0545 mm; (d) 0.0623 mm; (e) 0.0701 mm; (f)
0.0841 mm. (g) Overview of the deformed beam at a loading point displacement of 0.0841 mm. (The node displacements in (a)–(f) are magniﬁed 1000-fold, while those in (g)
are magniﬁed 500-fold).
3624 Z. Zhang / International Journal of Solids and Structures 50 (2013) 3618–3625To demonstrate the application of the present method in simu-
lating a fracture propagation, a simple mixed fracture propagation
example is presented. The simulation object is a concrete beam
(Galvez et al.,1998) with its geometry, dimensions and boundary
conditions presented in Fig. 10a. The meshing scheme is provided
in Fig. 10b. The material parameters are Young’s modulus
E = 38.4 GPa and et = 0.1558  103. In this simulation, we used
the discretized VIB only in the zone in which the deformation ex-
ceeds the linear elastic range of the material. For the zone within
the linear elastic range, we used the linear elastic continuum mod-
el. Therefore, during the simulation, the following deformation cri-
terion was adopted to detect the zone that exceeds the linear
elastic deformation:
e1 > ket ð31Þ
in which e1 is the ﬁrst principle value of the strain tensor; k is a coef-
ﬁcient below one, in this case k ¼ 0:8. Once the elemental deforma-
tion met this criterion, the triangular element was automatically
transformed into the triangular unit cell, and the corresponding
force–displacement constitutive relation (Eqs. (10) and (11)) was
used. A quasi-static simulation scheme was adopted.
The simulated fracture propagation process is shown in Fig. 11
in which the fracture ﬁrst propagates horizontally, then curves up-
ward. Finally, the beam is fractured. The propagation pattern gen-
erally agrees with the observation reported in the literature
(Galvez et al., 1998), which suggests that the present method can
simulate a mixed fracture propagation.6. Concluding remarks
A discrete system is developed by discretizing the continuous
VIB model for nonlinear elasticity. This discrete system is com-
posed of unit cells in which the bonds are discretely distributed
and the bond number is ﬁnite. The mechanical properties of each
micro bond are associated with the Young’s modulus of the equiv-
alent continuum, the volume and the total bond number in the unit
cell. An analysis of two speciﬁc cases suggests that the discrete sys-
tem converges with decreasing unit cell size. In the unstructured
unit cell scheme, the discrete system can precisely represent the
equivalent continuum. In the 2D case, the ﬁnal representation er-
ror is approximately zero, while in the 3D case, the ﬁnal represen-
tation error is within 5.0%, which suggests that the discretized VIB
method can almost precisely represent a continuum. This method
can be used to simulate fracture propagation. A mixed fracture
example suggests that the present method can efﬁciently simulate
fracture propagation. The present paper provides a theory for
developing a discrete model for nonlinear elasticity and an efﬁcient
method for simulating fractures in a nonlinear elastic material.
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